Abstract. We investigate the Chern-Ricci flow, an evolution equation of Hermitian metrics, on Inoue surfaces. These are non-Kähler compact complex surfaces of type Class VII. We show that, after an initial conformal change, the flow always collapses the Inoue surface to a circle at infinite time, in the sense of Gromov-Hausdorff.
Introduction
The Chern-Ricci flow is an evolution equation for Hermitian metrics on complex manifolds, which specializes to the Kähler-Ricci flow when the initial metric is Kähler. It was introduced by Gill [8] in the setting of manifolds with vanishing first Bott-Chern class. The second and third named authors [32, 33] investigated the flow on more general complex manifolds and initiated a program to understand its behavior on all compact complex surfaces. The results obtained in [32, 33, 34, 10, 11, 19, 24] are closely analogous to those for the Kähler-Ricci flow, and provide compelling evidence that the Chern-Ricci flow is a natural geometric flow on complex surfaces whose behavior reflects the underlying geometry of these manifolds.
The Class VII surfaces are of particular interest, and indeed there is a wellknown open problem to complete their classification. Class VII surfaces are by definition compact complex surfaces with negative Kodaira dimension and first Betti number one. In particular, they are non-Kähler. It is natural to try to understand the behavior of the Chern-Ricci flow on these surfaces, with the long-term aim of extracting new topological or complex-geometric information (cf. [29] , where a different flow is considered).
The goal of this paper is to analyze the behavior of the Chern-Ricci flow on a family of already well-understood Class VII surfaces, known as Inoue surfaces. Thanks to results in [1, 14, 17, 30] , we can characterize an Inoue surface S as a Class VII surface with vanishing second Betti number and no holomorphic curves. These surfaces were constructed and classified by Inoue in [12] . They come in three families, denoted by S M , S + and S − , and their universal cover is C × H, where H is the upper half plane. We will denote by (z 1 , z 2 ) the standard coordinates on C × H. On any Inoue surface S the standard Poincaré metric √ −1 (Imz 2 ) 2 dz 2 ∧ dz 2 on H descends to a closed semipositive real (1, 1) form on S, and a constant multiple of it (this constant depends on S) is then a closed real (1, 1) form ω ∞ with 0 ω ∞ ∈ −c BC 1 (S), where c BC 1 (S) is the first Bott-Chern class of S. The (1, 1) form ω ∞ will play an important role in our results.
We consider the Chern-Ricci flow (1.1) ∂ ∂t ω = −Ric(ω) − ω, ω| t=0 = ω 0 , on S, starting at a Hermitian metric ω 0 . Here Ric(ω) denotes the ChernRicci form of the Hermitian metric ω = √ −1g ij dz i ∧ dz j , defined by Ric(ω) = − √ −1∂∂ log det g.
To be precise, (1.1) is the normalized Chern-Ricci flow, which will give us a limit at infinity without the need to rescale. Since the canonical bundle of S is nef, it follows from the results of [32, 33, 34] that there exists a unique solution to (1.1) for all time. We are concerned with the behavior of the flow as t → ∞. In [33] , an explicit solution to (1.1) was found on every Inoue surface. In fact, viewing Inoue surfaces as quotients G/H where G is a solvable Lie group [38] , the metrics considered in [33] are homogeneous, and it was later observed in [15, 16] that the Chern-Ricci form of any homogeneous Hermitian metric depends only on the complex structure of the manifold (and not on the metric), which allows one to explicitly solve the ChernRicci flow starting at any homogeneous metric on an Inoue surface.
The explicit solutions constructed in [33] (and in fact all the homogeneous solutions considered in [15, 16] ) have the property that they converge in the Gromov-Hausdorff sense to the circle S 1 with its standard metric. This reflects the structure of Inoue surfaces as bundles over S 1 . Note that this collapsing to S 1 is in striking contrast with the behavior of the Kähler-Ricci flow, where collapsed limits are always even-dimensional (cf. [6, 9, 25, 26, 27, 28, 35] ).
It is natural to conjecture that the limiting behavior of the explicit solutions [33] holds for any choice of initial metric. The main result of this paper is that this is true for a large class of initial metrics. Theorem 1.1. Let S be an Inoue surface, and let ω be any Hermitian metric on S. Then there exists a Hermitian metric ω LF = e σ ω in the conformal class of ω such that the following holds.
Let ω(t) be the solution of the normalized Chern-Ricci flow (1.1) starting at a Hermitian metric of the form
Then as t → ∞, ω(t) → ω ∞ , uniformly on S and exponentially fast, where ω ∞ is the (1, 1) form defined above. Moreover,
in the Gromov-Hausdorff sense, where d is the standard metric on the circle S 1 (of radius depending on S).
Thus we prove that the Chern-Ricci flow collapses a Hermitian metric ω on the Inoue surface S to a circle, modulo an initial conformal change to ω. In fact, we prove more than this, since we allow our initial metric to be any metric in the ∂∂-class of e σ ω.
Our conformal change is related to a holomorphic foliation structure on the Inoue surface S, which we now explain. Every Inoue surface S carries a holomorphic foliation F without singularities, whose leaves are the images of C × {z 2 }, for every z 2 ∈ H, under the quotient map C × H → S. In other words, the foliation F is defined by the subbundle of T S which is the image of T C ⊕ {0} under the differential of the quotient map. Every leaf of F is biholomorphic to C if S is of type S M , and biholomorphic to C * if S is of type S + or S − (see [3] , for example). We will say that a Hermitian metric ω on S is flat along the leaves if the restriction of ω to every leaf of F is a flat Kähler metric on C or C * . Equivalently, after pullback to the universal cover C × H, the metric restricted to every slice C × {z 2 }, z 2 ∈ H, is flat. If ω has the further property that after pullback to C × H its restriction to C × {z 2 } equals c(Imz 2 ) √ −1dz 1 ∧ dz 1 when S is of type S M and c √ −1dz 1 ∧ dz 1 when S is of type S + or S − , where c > 0 is a constant, then we will say that ω is strongly flat along the leaves. This is the property that we require of our metric ω LF in the statement of Theorem 1.1.
The point is that the assumption of being strongly flat along the leaves is not in fact very restrictive, since it can always be attained from any Hermitian metric by a conformal change: Proposition 1.2. Given any Hermitian metric ω on an Inoue surface, there exists a smooth function σ on S such that ω LF := e σ ω is strongly flat along the leaves.
There is a well-developed theory of simultaneous uniformization of leaves of holomorphic foliations by complex curves (see e.g. [2, 4, 7] ), but it turns out that in our explicit situation the proof of this proposition becomes very simple. As far as we know, it may well be the case that every Hermitian metric on an Inoue surface belongs to the ∂∂-class of a Hermitian metric which is strongly flat along the leaves (see section 4, Question 1).
An interesting question is whether the uniform (C 0 ) convergence in Theorem 1.1 of ω(t) to ω ∞ can be strengthened to smooth (C ∞ ) convergence. As a partial result in this direction, we show that if the initial metric is of a more restricted type, then we can obtain convergence in C α for 0 < α < 1.
More precisely, Tricerri [36] and Vaisman [37] constructed an explicit, homogeneous, Gauduchon metric ω TV on each Inoue surface, which is strongly flat along the leaves. We consider initial metrics in the ∂∂-class of ω TV and prove: Theorem 1.3. Let S be an Inoue surface, and let ω(t) be the solution of the normalized Chern-Ricci flow (1.1) starting at a Hermitian metric of the form ω 0 = ω TV + √ −1∂∂ρ > 0. Then the metrics ω(t) are uniformly bounded in the C 1 topology, and as t → ∞, ω(t) → ω ∞ , in the C α topology, for every 0 < α < 1.
A remark about the notation ω TV above. In the proof of Theorem 1.3, we will write ω T instead of ω TV for the Tricerri [36] metric on S M , and ω V for the metric of Vaisman [37] on S + or S − .
We note that the arguments in the proof of Theorem 1.1 are formally quite similar to the arguments of [34] which considered the Chern-Ricci flow on elliptic bundles. In fact one can use these same arguments to extend the validity of the main theorem of [34] to some Hermitian metrics on elliptic bundles which are not Gauduchon. This paper is organized as follows. In section 2 we prove Proposition 1. 
The Inoue surfaces S M
We recall now the construction of the Inoue surfaces S M . They are defined by S M = (C × H)/Γ, for H the upper half plane, by a group of automorphisms Γ of C × H which we now describe.
Let M ∈ SL(3, Z) be a matrix with one real eigenvalue λ > 1 and two complex eigenvalues µ, µ (with µ = µ). Let (ℓ 1 , ℓ 2 , ℓ 3 ) be a real eigenvector for λ and (m 1 , m 2 , m 3 ) an eigenvector for µ. Then Γ is defined to be the group generated by the four automorphisms
Here, we are writing z 1 = x 1 + √ −1y 1 for the coordinate on C and z 2 = x 2 + √ −1y 2 for the coordinate on H = {Imz 2 = y 2 > 0}. The action of Γ on C × H is properly discontinuous with compact quotient. For our calculations, we may work in a single compact fundamental domain for S M in C × H using z 1 , z 2 as local coordinates. We may assume that z 1 and z 2 are uniformly bounded, and that y 2 is uniformly bounded below away from zero. On C × H, define nonnegative (1, 1) forms α and β by
These forms are invariant under Γ and hence descend to (1, 1) forms on the Inoue surface S M , which we will denote by the same symbols. In addition, α is d-closed. The metric ω T := 4α + β is called the Tricerri metric [36] , and it was shown in [33] that the solution to the normalized Chern-Ricci flow starting at ω T is given by
Note that the first Bott-Chern class c BC 1 (S M ) can be represented by
The following lemma shows that every Hermitian metric ω on S M is conformal to a metric which is strongly flat along the leaves. Recall from [12] that the map C × H → R + given by (z 1 , z 2 ) → y 2 induces a smooth map p : S M → S 1 = R + /(x ∼ λx) which is a smooth T 3 -bundle. Every leaf of F is contained in a T 3 -fiber, and is in fact dense inside it. Lemma 2.1. A Hermitian metric ω LF on S M is flat along the leaves if and only if
where η : S 1 → R + is a smooth positive function. It is strongly flat along the leaves if and only if
where c > 0 is a constant. If ω is any Hermitian metric on S M and we define σ ∈ C ∞ (S M ) by
2) with c = 1 and hence is strongly flat along the leaves.
Proof. Let π : C × H → S M be the quotient map. Then a Hermitian metric ω LF on S M is flat along the leaves if and only if its pullback π * ω LF is flat when restricted to any slice C × {z 2 }, z 2 ∈ H. We can write
and (2.1) is equivalent to
Note that the function π * p * η depends only on y 2 . Since the restriction of π * ω LF to a slice C × {z 2 } equals a √ −1dz 1 ∧ dz 1 , and its Ricci curvature equals −∂ 1 ∂ 1 log a, we conclude that if (2.1) holds then ω LF is flat along the leaves.
Conversely, if ω LF is flat along the leaves, then for each fixed z 2 ∈ H we have that
Thanks to (2.3) we see that the function log
on C×H is Γ-invariant, hence bounded (because it is the pullback of a function from S M ). Therefore, log a y 2 for z 2 fixed is a bounded harmonic function on C, and so it must be constant. In other words, the ratio α∧ω LF α∧β is constant along each leaf of F. Since every leaf is dense in the T 3 fiber which contains it, we conclude that α∧ω LF α∧β equals the pullback of a function from S 1 .
On the other hand, it is now clear that ω is strongly flat along the leaves if and only if (2.2) holds, or equivalently,
where c > 0 is a constant. The last assertion of the lemma is immediate.
Observe that in the coordinates z 1 , z 2 above, the condition (2.2) is equivalent to
where we are writing ω LF = √ −1(g LF ) ij dz i ∧ dz j . Let now ω LF be a metric which is strongly flat along the leaves, as in the set up of Theorem 1.1. We remark that in the following arguments this metric plays exactly the same role as the semi-flat metric ω flat considered in [34] on elliptic bundles. We will write the normalized Chern-Ricci flow as a parabolic complex Monge-Ampère equation. First, we define
and writeg for the Hermitian metric associated toω. We define a volume form Ω by
for c the constant defined by (2.2). Observe that √ −1∂∂ log Ω = α, by direct calculation using (2.8). It follows that the normalized Chern-Ricci flow (1.1) is equivalent to the equation
Namely, if ϕ solves (2.9) then ω(t) =ω + √ −1∂∂ϕ solves (1.1), as is readily checked. Conversely, given a solution ω(t) of (1.1) we can find (cf. [32] , for example) a solution ϕ = ϕ(t) of (2.9) with the property that ω(t) = ω + √ −1∂∂ϕ. Let now ϕ = ϕ(t) solve (2.9) and write ω = ω(t) =ω + √ −1∂∂ϕ for the corresponding metrics along the normalized Chern-Ricci flow. We first establish uniform estimates on the potential ϕ and its time derivativeφ. Given the choice ofω and Ω, the proof is formally almost identical to [28, Lemma 3.6.3, Lemma 3.6.7] (see also [25, 9, 6, 34] ).
Lemma 2.2. There exists a uniform positive constant
Proof. Since the arguments are so similar to those in [28, 9, 34 ], we will be brief. For (i), the key observation is that, by the choice ofω and Ω, we have (2.10)
for uniform C ′ . To see this, note that from (2.7) and (2.8),
and this is bounded. If we define Q = e t ϕ − (C ′ + 1)t, we see that if
a contradiction. It follows that sup S M Q is bounded from above by its value at time 0, giving ϕ C(1 + t)e −t . The lower bound is similar. To prove (ii), choose a constant C 0 so that C 0ω > α for all t 0. Then
It then follows from the maximum principle thatφ is bounded from above. For the lower bound ofφ,
for a uniform C > 0, where for the last inequality we have used the geometricarithmetic means inequality, the equation (2.9) and the fact that e tω2 and Ω are uniformly equivalent. It follows from the maximum principle thatφ is bounded from below. Finally, (iii) is a consequence of (i), (ii) and the equation (2.9).
Next, we bound the torsion and curvature of the reference metricsg. We will denote the Chern connection, torsion and curvature ofg by∇,T and Rm respectively.
We lower an index of the torsion into the third subscript, sõ
Writing T LF for the torsion of the metric g LF , we see that since α is a closed form, we have
We prove the following bounds on the torsion and curvature ofg, which are analogous to those in [34, Lemma 4.1].
Lemma 2.3. There exists a uniform constant C such that
Proof. Using the holomorphic coordinates as described above and (2.6), we haveg
Since we are working in a fixed chart with y 2 uniformly bounded (both from above and below away from zero), we have the estimates
(2.13)
Observe that these estimates are identical to the local estimates given in [34, Lemma 4.1], where here z 1 plays the role of the "fiber" direction and z 2 the role of the "base" direction.
As in [34] , (i) follows from (2.11). Indeed,
since the only terms involving the cube ofg 11 vanish by the skew-symmetry of (T LF ) ikq in i and k, and by (2.13) all other terms are bounded.
Next we have a bound on theg norm of the Christoffel symbolsΓ p ik of the Chern connection ofg:
This follows from (2.13) and the fact that all terms ∂ igkq are of order O(e −t ) unless i = k = q = 2. Note that the quantity |Γ p ik | 2 g is only locally defined. Then from (2.11),
where for the last inequality we have used (2.14) and the estimates
which follow from (2.13) and the skew symmetry of torsion. Similarly, we obtain |∇T | 2 g
and it remains to bound the curvature ofg.
Recall that the curvature of the Chern connection ofg is given bỹ
Noting that from (2.12),
and
we obtain using (2.13),
Moreover, straightforward computations, similar to those in [34, Lemma 4.1], give |R 2222 | C, and
It then follows, by considering the various cases, again as in [34] , that
We can then apply, almost verbatim, the arguments of [34] to establish estimates for solutions of the normalized Chern-Ricci flow on S M . There are some minor differences, which we now discuss. In [34] , the reference (1, 1) formsω(t) are positive definite only for t sufficiently large, whereas here they are positive definite for all t 0. In [34] there is a global holomorphic surjective map π from the manifold to a Riemann surface (S, ω S ), and the (1, 1) form π * ω S plays the role of α. In our case, α is not globally of this form. Nevertheless, we will see that the arguments still go through without trouble.
Theorem 2.4. For ϕ = ϕ(t) solving (2.9) on S M , the following estimates hold.
(i) There exists a uniform constant C such that
(ii) There exists a uniform constant C such that the Chern scalar curvature satisfies the bound
(iii) For any η, σ with 0 < η < 1/2 and 0 < σ < 1/4, there exists a constant C η,σ such that
(iv) For any ε > 0 with 0 < ε < 1/8 there exists a constant C ε such that
Proof. Since the proof is almost identical to the arguments of [34] , given Lemma 2.2 and Lemma 2.3, we give only a brief outline, pointing out the main differences.
To show that the metrics ω andω are uniformly equivalent, we apply the maximum principle to the quantity
whereC is a uniform constant chosen so thatC + e t/2 ϕ 1, and for A a uniform large constant. A key point is that by Lemma 2.2, the quantity e t/2 ϕ is uniformly bounded. The term 1/(C + e t/2 ϕ), of Phong-Sturm type [22] , is added to deal with torsion terms arising in the computation (cf. [32] ). Arguing as in [34, Theorem 5.1], choosing A sufficiently large, Q, and hence trωω, is uniformly bounded from above. Then from part (iii) of Lemma 2.2, we obtain C −1ω ω Cω.
The lower bound R −C follows immediately from the evolution equation ∂R ∂t = ∆R + |Ric| 2 + R, and the minimum principle. The upper bound of R requires a number of preliminary estimates, which we now explain. 15) and it follows that there exist uniform constants C 0 , C 1 > 0 such that
As in [34, Lemma 6.2], we have the evolution inequalities
Indeed, the first evolution inequality in (2.15) follows easily from the evolution equation of trωω. The second inequality of (2.15) is a parabolic Schwarz Lemma argument as in [39, 25] . An important difference to note here is that we do not have a global holomorphic map from S M to a lower dimensional complex manifold. However, we do have a locally defined holomorphic map f from a holomorphic chart in S M to the upper half plane H with the property that α = f * ω P , for ω P the Poincaré metric
on H. Since the parabolic Schwarz Lemma computation is purely local, we obtain the second inequality of (2.15) exactly as in [34] . Now consider the bounded quantity u = ϕ +φ, which has the property that −∆u = R + tr ω α R. Our goal is to bound −∆u from above by Ce t/2 . First, using a Cheng-Yau [5] type argument (cf. [23, 25] ), we apply the maximum principle to
for A and C 1 chosen sufficiently large, we obtain the estimate
exactly as in [34, Proposition 6.3] (replacing ω S with α, wherever it occurs). A straightforward computation then gives
On the other hand, we have
Combining (2.16), (2.17), (2.18), we obtain, for C 1 large,
and it follows from the maximum principle that −∆u Ce t/2 , giving the required upper bound for the Chern scalar curvature R Ce t/2 .
Next we use our bounds on R together with Lemma 2.2 and 
Part (iv) now follows from an elementary argument [34, Lemma 7.4].
Given the estimate (iv) of Theorem 2.4, we can now establish the GromovHausdorff convergence of the metrics ω(t).
Proof of Theorem 1.1 for the Inoue surfaces S M . We set ω ∞ = α, which represents −c BC 1 (S M ), and by definitionω(t) → α uniformly and exponentially fast as t → ∞. Thanks to Theorem 2.4 (iv), the same convergence holds for ω(t), and it remains to determine the Gromov-Hausdorff limit of (S M , ω(t)). The argument is a slight modification of [33, Theorem 5.1] (see also [34, Lemma 9 .1]). Let p : S M → S 1 be the bundle projection map, and denote by T y = p −1 (y) the T 3 -fiber over y ∈ S 1 . Fix ε > 0, and let L t be the length of a curve in S M measured with respect to ω(t) and by d t the induced distance function on S M . Let also L ∞ , d ∞ be the length and distance functions of the degenerate metric α on S M and let L, d be those of the standard metric on S 1 with diameter (log λ)/ √ 2π. Let F = p : S M → S 1 and let G : S 1 → S M be the map defined by sending every point y ∈ S 1 to some chosen point in S M on the fiber T y . The map G will in general be discontinuous, and it satisfies F • G = Id, so (2.19) d(y, F (G(y))) = 0.
The limiting semipositive form α has kernel equal to F, and since each leaf of F is dense in a T 3 -fiber, we conclude that d ∞ (x, y) = 0 for all x, y ∈ S M with p(x) = p(y). Since ω(t) converges uniformly to α as t → ∞, we see that for any x ∈ S M and for all t large we have
Next, a simple calculation (see [33, Theorem 5 .1]) shows that for any curve γ in S M we have
Therefore, given two points x, y ∈ S M let γ be a minimizing geodesic for the metric ω(t) joining them, and get
for all t large. Obviously this also implies that
for all x, y ∈ S 1 , and all t large. Lastly, given x, y ∈ S M , let γ be a minimizing geodesic in S 1 connecting F (x) and F (y), and letγ be a lift of the curve γ starting at x, i.e.γ is a curve in S M with F (γ) = γ and initial point x. This lift can always be constructed because F is a fiber bundle.
We then concatenateγ with a curveγ 1 contained in the fiber T F (y) joining the endpoint ofγ with y, and obtain a curveγ in S M joining x and y. By construction we have (2.23)
for all t large. This also implies
for all x, y ∈ S 1 , and all t large. We now turn to Theorem 1.3. Our main claim is that if the initial metric is in the ∂∂-class of the Tricerri metric ω T = 4α + β, then we have the estimate (2.25)
for all t large, where ∇ T is the covariant derivative of g T . Clearly, given the results proved in Theorem 1.1, we see that Theorem 1.3 follows immediately from (2.25).
To prove (2.25) the first step is the following improvement of Lemma 2.3. Here, ω T plays the role of ω LF . In particular, α ∧ ω T = α ∧ β, so that the analogue of (2.2) holds with c = 1. We havẽ
These are completely explicit Hermitian metrics on S M . They have the property that ω =ω + √ −1∂∂ϕ, where ϕ solves (2.9) (with Ω = 2α ∧ β).
Lemma 2.5. There exists a uniform constant C such that (i) |T |g C.
(ii) |∂T |g + |∇T |g + | Rm|g C.
(iii)∇ Rm = 0,∇∇T = 0,∇∇T = 0.
Proof. Part (i) was proved in Lemma 2.3. The rest of the lemma consists of straightforward, if somewhat tedious, calculations. Using the holomorphic coordinates as described earlier, we havẽ
1 + 3e −t . From this it follows that the only nonzero Christoffel symbols are
and note that these do not depend on t. The only nonzero components of the torsionT and its derivative ∂T arẽ
It follows that |∂T |g C. The only nonzero components of∇T arẽ
and |∇T |g C follows. The only nonzero components of Rm arẽ
and from this we obtain | Rm|g C, finishing the proof of (ii). For (iii), the only terms which are not immediately seen to be zero are: The estimates of Theorem 2.4 imply in particular that the metricsg and g are uniformly equivalent. The key additional estimate we obtain in this case is the following Calabi-type "third order" estimate. Proposition 2.6. We have
Proof. This is analogous to the Calabi-type estimates established in [24] , [34, Section 8 ] (see also [21] ). The result that we need is not exactly contained in [24] , but the adjustments needed are minimal, so we will only indicate what changes in this case. We bound the quantity S := |∇g| 2 g = |Ψ| 2 g , where Ψ = Γ −Γ. The quantity S is equivalent to |∇g| 2 g . First, compared to the setup in [24] , the Chern-Ricci flow that we consider now is normalized. However, this only introduces new negligible terms. Second, the reference metricsg now depend on t, while the reference metriĉ g in [24] is fixed. But the Christoffel symbolsΓ are independent of t and so this does not introduce any new terms in the evolution of S.
The time dependence ofg does introduce a new term in the evolution of trωω, but this is easily seen to be harmless (cf. [34, (6.1)]). Thanks to [24, Remark 3.1], the bounds proved in Lemma 2.5 are then sufficient to bound S and thus obtain (2.27).
Proof of Theorem 1.3 for the Inoue surfaces S M . We can now complete the proof of (2.25), which implies Theorem 1.3. The first observation is that the Christoffel symbolsΓ ofg, which we computed in (2.26), do not depend on t, and so the covariant derivative∇ with respect to the metricg equals the covariant derivative ∇ T with respect tog| t=0 = g T . The second observation is thatg Cg T for a uniform constant C. Therefore (2.25) follows immediately from (2.27).
The Inoue surfaces S + and S −
We recall now the construction of the Inoue surfaces S + from [12] (see also [33, Section 6] ). Consider N = (n ij ) ∈ SL(2, Z) with two real eigenvalues α, 1/α with α > 1, and let (a 1 , a 2 ) and (b 1 , b 2 ) be real eigenvectors corresponding to α and 1/α respectively.
Fix integers p, q, r, with r = 0, and a complex number t. With this data, let (c 1 , c 2 ) ∈ R 2 solve the linear equation
,
Now let Γ be the group of automorphisms of C × H generated by
The group Γ acts properly discontinuously on C × H with compact quotient S + = (C × H)/Γ. For each such N, p, q, r and t, S + is an Inoue surface. As in Section 2, we may work in a local holomorphic coordinate chart with z 1 and z 2 uniformly bounded, and y 2 uniformly bounded below away from zero. We will not give the precise definition of Inoue surfaces of type S − (see e.g. [12, 33] ) because their only property that we will need is that every such surface has an unramified double cover which is an Inoue surface of type S + , and we can easily derive the statements of our theorems on S − from the corresponding statements on S + .
Therefore, going back to S + , since α > 1, we can write Imt = m log α for some m ∈ R. Then the (1, 0) forms on H × C,
where z 1 = x 1 + √ −1y 1 and z 2 = x 2 + √ −1y 2 , are invariant under the Γ-action, and so descend to S + . Define (1, 1) forms α ′ , γ on S + by
is a Hermitian metric, originally introduced by Vaisman [37] (and Tricerri in the case m = 0 [36] ). Moreover,
It is shown in [32] that the solution of the normalized Chern-Ricci flow starting at ω V is given by
Now, as in Lemma 2.1, we see that a metric ω LF on S + is strongly flat along the leaves if and only if
for some positive constant c. Indeed, this easily follows from the fact that in the coordinates z 1 , z 2 above, the condition (3.1) is equivalent to
Moreover, given any Hermitian metric ω on S + , we can produce ω LF = e σ ω satisfying this condition, for suitable choice of σ.
Given this set-up, and what we have already proved, it is straightforward to complete the proof of Gromov-Hausdorff convergence for the manifolds S + .
Proof of Theorem 1.1 for the Inoue surfaces S + and S − . The proof for the surfaces S + is almost identical to the case of S M . Indeed, we simply replace α by α ′ and note that the condition (2.6) has been replaced by the (even simpler) condition (3.2). The same estimates as in Lemma 2.3 hold almost verbatim, and similarly for Theorem 2.4. To obtain the Gromov-Hausdorff convergence to (S 1 , d) , we apply the same argument as in the proof of Theorem 1.1, the only difference being that now S + is a fiber bundle over S 1 with fiber a certain compact 3-manifold (not a torus), but the leaves of F are still dense in these fibers (see e.g. [33, Lemma 6.2]), and the argument goes through as before.
Finally, the result for S − follows from the fact every such surface has an unramified double cover which is an Inoue surface of type S + (cf. [33, Section 7] ).
We finally discuss Theorem 1.3 for the Inoue surfaces S + and S − . As before, the case of S − is immediately reduced to the case of S + . The proof for the surfaces S + is similar to the case of S M , but there are some differences. We now assume that the initial metric is in the ∂∂-class of the Vaisman metric ω V = 2α ′ + γ, and our goal is to prove the estimate
for all t large, where ∇ V is the covariant derivative of g V . Again, this immediately implies the conclusion of Theorem 1.3 in this setting. As before, we have the explicit reference metrics on S +
The analog of Lemma 2.5 is now:
Lemma 3.1. There exists a uniform constant C such that
Proof. Again, item (i) was proved in Lemma 2.3. The rest of the lemma follows from a long, direct calculation. The situation is considerably more complicated than in Lemma 2.5 because now very few terms vanish. Using the holomorphic coordinates as described earlier, we havẽ
None of the Christoffel symbols ofg vanishes, but their components in these coordinates are readily seen to be uniformly bounded as t approaches infinity, which shows that
where Γ V are the Christoffel symbols of g V . For later use, we mention explicitly that
The torsion ofg is given bỹ We now wish to use these bounds, as in Proposition 2.6, to obtain the estimate (3.6) |∇g|g C.
A new complication that arises in this case is that the Christoffel symbols Γ now do depend on t. From where, as in [24] , Ψ r uv = Γ r uv −Γ r uv . We claim that is of the order O( √ S) and hence is a harmless contribution. Next, we would like to use (3.6) to prove (3.3), but again we have to deal with the fact that, unlike the case of S M with the Tricerri metric, the Christoffel symbolsΓ ofg now depend on t. However, we have the key relation (3.4).
Proof of Theorem 1.3 for the Inoue surfaces S + and S − . In the case of S + , we use (3.6), (3.4) and the fact thatg Cg V to obtain |∇ V g| g V |∇g| g V + C C|∇g|g + C C, as required. The case of S − follows by passing to a double cover.
Further Conjectures
We discuss in this section a number of conjectures and open problems concerning the Chern-Ricci flow.
5.
Perhaps surprisingly, the behavior of the Chern-Ricci flow starting at a non-Kähler metric on the complex projective plane CP 2 remains a mystery. One can easily compute that the volume of the metric tends to zero in a finite time T , and the volume shrinks like (T − t), and this suggests that the flow should collapse to a Riemann surface. This would be in stark contrast with what happens when starting at a Kähler metric on CP 2 , where the volume goes to zero like (T − t) 2 and the flow collapses in finite time to a point, thanks to Perelman's diameter bound (cf. [23] ).
6. An optimistic conjecture would be that on any minimal Class VII surface with b 2 > 0, or on any Hopf surface, the solution ω(t) of the Chern-Ricci flow (which exists for a finite time T and has volume tending to zero as t → T [32] ) should converge in C ∞ to a non-closed nonnegative (1, 1) form α. Moreover, taking the tangent distribution given by the kernel of α and taking iterated Lie brackets of it, one should obtain an integrable threedimensional distribution. Even more optimistically, one might hope that a leaf of this distribution be a sphere in a global spherical shell [13] , which is conjectured to exist [18] . This behavior is exactly what happens for the explicit solutions constructed in [33] on the standard Hopf surfaces as in item 4. above.
